Abstract-Robot control with a compliant motion behaviour is important to guarantee the safety of human robot interaction. In this paper, we aim to guarantee the desired task impedance of the end-effector and to ensure a compliant behaviour of a redundant robot during human robot interactions. A task space impedance control scheme is proposed by designing a transferred impedance error, such that the robot end-effector can be governed to follow a target impedance model. Additionally, a low-priority controller is designed using the null space projection, such that compliant joint motion is guaranteed without affecting the main task. The stability of the whole system is illustrated using a conditional Lyapunov theorem. Simulation studies based on a plane redundant robot is carried out to demonstrate the validity of the proposed controller.
I. INTRODUCTION
The potential of co-operations between human beings and robots in a co-existent environment has elicited immense interests in industry and academia, which lead to the recent growth of research in human-robot interactions (HRI) [1] - [6] . The traditional industrial robots must be set in cages to avoid contacting with the surrounded people. However, in human robot interaction scenarios, the contact may easy to be happened. For example, when robots picking up a tool in a human surrounded environment, collision may easy to happen to the human. Traditional industrial robots are employed with a high stiffness controller to guarantee the motion precision. This often resulted in rigid movements which may cause serious damages during HRI. Therefore, to guarantee the interaction safety, compliant and flexible robot motion control becomes essential. In the last decade, a number of devices have been presented to improve the compliant of the robots, such as series elastic actuators [8] , [9] . However, it is still challenging to design an efficient robot control scheme, especially when HRI occurs in the complex environment.
In previous studies, various control frameworks have been designed [10] - [14] to guarantee the safety human-robot collaboration. In [10] , a stereo camera based shared control system was proposed for obstacle avoidance in a teleoperated task, where the robot body was able to guarantee the stability of the robot control while avoid an obstacle. In this work, the objective of the position control is to achieve a fast and accurate position or velocity tracking performance with the capability of collision avoidance, such that the robot are able to avoid the possible collision points. However, controlling a robot only to track a predefined trajectory is insufficient to ensure a safe and compliant interaction. The compliant control of robot joints will be more desirable when the robot operates in a human surrounded environment.
The impedance control was widely investigated as a robust force control method, which regulates the dynamic behaviour at the interaction point [12] - [15] . An impedance control mechanism was developed to task a desired impedance model in [13] to active control the interaction of robots. An impedance control framework was developed for robot interacting with unknown environments, in which the controller could update the robot impedance parameters in terms of the interaction performance [14] . In these control methods, although the desired impedance control behaviour was achieved in Cartesian space, only a few researchers have investigated the impedance control in the task space and joint space simultaneously. There are still limitations in achieving the compliant control of the whole robot body rather than the task space impedance control.
Motivated by the above discussion, here we design a hierarchical control framework, which could more detailed specify the control task at both the robot end-effector and at robot joints to further improve the compliant of the robot during human robot interaction. Particularly, a compliant control of a redundant manipulator with a multi-priority impedance target is designed, which enables the robot to follow two hierarchies of impedance targets based on the interaction with external environments. In order to further improve the compliant of the robot during human robot interaction, here we can design a hierarchical control, which could more detailed specify the control task at both the robot end-effector and at robot joints [16] , [17] . Additionally, a task space impedance control scheme is proposed by using a transferred impedance error, such that the robot end-effector can be governed to follow a target impedance model. Moreover, a low prior controller is designed to achieve a compliant joint motion without affecting the main task.
The rest of the paper is organized as follows. Section II gives the preliminaries such as kinematics and dynamics of the redundant robot. In Section III, the proposed impedance control framework are detailed. The simulation results are presented in Section IV. Concluding remarks are presented in Section V.
II. PRELIMINARIES

A. Kinematics
The robot system studied in this paper a robot manipulator with n DOF, which operated in a m dimensional Cartesian Space. A redundant robot system means that the dimensions of joint space are larger than the dimensions of Cartesian space, i.e., m < n, and therefore we could have more joint DOF than needed to complete the task. The mapping between joint space velocity and Cartesian space velocity can be related by the equation as belowẋ
whereẋ denotes the Cartesian space velocity, q denotes the joint angle andq denotes the joint velocity, respectively. J(q) denote the robot Jacobian matrix. Conventionally, the inverse kinematics is described by the equationq = J † (q)ẋ, where J † is the well known pseudoinverse of the J(q). For a redundant manipulator, however, the inverse solution of joint velocityq with respect to a giveṅ x is not unique, since we have n state variable but only m equalities in (1) . A general inverse solution is described as below,q
where J # (q) is the generalized inverse which satisfying the relationship J = JJ # J, N is a null space matrix defined as
andq n is an auxiliary velocity vector.
B. Joint Space Decomposition
Then, using a joint space decomposition method, the inverse solution of the joint velocity is described as below,
where L(q) is an auxiliary matrix satisfied that J(q)L(q) = 0, with ϑ being an auxiliary velocity to represent q n . Also, the inverse solution of ϑ is given as [19] 
where
Substituting (3) and (2), the joint velocityq can be rewritten asq
Differentiate (5) with respect to time, a general solution of q is further described as beloẅ
C. Dynamics Following the Lagrangian formulation, the robot dynamics of a series manipulator is formulated as follows
where M (q) is an inertia matrix, C(q,q) is a Coriolis and centrifugal matrix, G(q) is a gravity term, q is the joint angles, τ denotes the joint torque while τ d is the external torque applied on the robot joints.
In terms of the equality that J T J #T + N T = I and considering (3) and (4), we can derive that (6) into (7), the robot dynamic model (7) can be rewritten as
Notice the terms on the right hand side of (8) can be divided into three groups, i.e., the task space control force, the the null space control torque, and the forces and torques which are coupled. Hence, we need to decouple the system to control the task space motion and the null space motion independently. Here, we choose the J # as the inertial weight generalized inverse matrix as
Then the system dynamic (8) can be rewritten to
Now we can see that the system (10) is decoupled and the controller can be designed for the task space motion and null space motion, respectively.
III. CONTROLLER DESIGN
For a redundant robot, the joint control torque can be written to two parts, a task space control force which relate to the force applied on the end-effector, and a null space control torque with respect to the torque of the null space, which can be described as below.
where τ is the joint control torque, τ x denotes the designed task space force, and τ n is the null space torque specified by the designer. The overall control scheme is depicted as shown in Fig.1 . 
A. Task space controller
The control objective of task space motion is to govern the end-effector to follow a desired impedance model which is given by (12) where M d , G d and C d are the desired inertia, stiffness and damping matrices, respectively, and x 0 is the position of the end-effector. f e is interaction force exerted on the robot endeffector. Generally, the impedance model regulates the system dynamics with respect to the interaction force and motion error, by which the robot end-effector can perform a compliant motion behaviour in the presence of an external force.
To describe the above equations in a more compact way, the following error signals can be selected as
where γ = x−x 0 . Thus, the aim of the control framework is to design a learning control law to guarantee lim t→∞ w(t) = 0. For ease of the control design, an equivalent impedance error is designed as follows,
d . Note that the desired impedance M d should be chosen as a non-singular matrix.
To facilitate the controller design, let us introduce two positive definite filtered matrices Υ and Ψ and a filtered vector ξ as
then (14) can be further rewritten to
By introducing the an residual error vector
then (16) can be rewritten to a slide mode form as
Now the condition lim t→∞ w b = 0 will be true if lim t→∞ z = 0. Thus, the impedance control objective becomes
In terms of (7) and (11), the motion and force of the endeffector with respect to the generalized task space force τ x can be described by the following equation,
, f e = J #T τ e . Thus, to guarantee the desired impedance motion behaviour, the task space controller can be designed as
where K p is a positive parameter, τ e is the measured external joint torque, and
By defining a reference variableẋ r asẋ r =ẋ 0 − Υ γ − ξ then we have z =ẋ −ẋ r andż =ẍ −ẍ r . Hence, the system dynamics can be rewritten as
Using (21) and (22) yields the equation
B. Null space controller
By designing the velocity vectorθ, an additional subtask can be performed by redundant joints such that the manipulator can be controlled with the desired configuration without disturbing the main task. In order to allow the robot to achieve an impedance behaviour in the configuration space, the null space control is designed such that compliant interactive motions can be achieved in joint space in the presence of the external forces on the robot.
Considering the system dynamics (10) and the control scheme in (11), the null space dynamics can be formulated as
(24) where τ e is the external torque applied on the joint. The null space controller can be designed as
where M v = L T ML, ϑ d is the desired null space velocity, ϑ = ϑ − ϑ d , K q and is a designed positive definite matrix andq = q − q * , with q * being the joint configuration when the desired task impedance is achieved,
# )L satisfying the property thatṀ v − 2C v is a skewsymmetric matrix. Substituting (25) into (24) and considering that N T = L #T L T , the closed-loop dynamics of the null space system can be reformulated as
Multiplying L T on both side of (26), we have
Note that L T τ e can be interpreted as a projection of the external torque applied on null space, such that (27) represents the null space impedance equation with inertia M v , damping K v and a projected torque L T K.
C. Stability Analysis
In this section, stability analysis of the proposed control framework will be performed based on a conditional stability.
Theorem 1: Given a redundant robot manipulator whose dynamics is described in (7), the controller (21) and (25) can guarantee a regulation of the desired impedance model in the task space while providing a compliant behaviour in the joint space, i.e., lim t→∞ z = 0 when the external force is accurately measured, the null space velocity error ϑ converge to zero and the boundedness of all the signals of the closed-loop system is achieved.
At first, let us considered the following Lyapunov candidate as
The time derivative of (28) yields,
Substituting (23) into (29), we havė
Hence, we can derive thaṫ 
where the equality 2z
According to Lyapunov theorem, we can obtain that z could converge to zero, i.e., lim t→∞ẋ →ẋ r .
Under the condition of the stability under the task space control, we will further show the stability of the whole system.
The time derivative of (32) can be derived aṡ
The combination of (27) and (32) yields,
Considering that ϑ T L T τ e = 0 and Lθ =q in the case that z = 0, then we haveV
Therefore, we can derive thatθ → 0. Also, according to the LaSlle's invariant principle,q is also bounded, which implies that the joints can achieve a desired configuration q * to minimization the external torque τ e .
IV. SIMULATION RESULTS
To further demonstrate the validly of the proposed control method, a 3 DOF planner robot is employed in the simulation studies as depicted in Fig. 2 . Table. I gives the system parameters of the robot link. The dynamics model of the robot used in the simulation is presented as in (7) as
In the simulations, we employ a high priority impedance controller of the end-effector, and a secondary null space control joint space to guarantee the compliant motion behaviour. The robot end-effector is controlled to track a desired Cartesian space point and then holds on to follow the desired impedance models. The control performance of our proposed impedance control is depicted as shown in Figs.3 -5, with the interaction force chosen to be f e = [20, 10] T . We can see that, the end-effector moves away from the desired point when an interaction force is added, and the stable tracking is achieved after 4 seconds. Also, the convergence of the impedance error can be observed from the subfigure of the Fig.3 , which shows that the target impedance performance is achieved. The control torque in task space and null space are depicted in Fig.4 and Fig.5 . We can see that all these signals are bounded. Comparison studies with different level of the interaction force have also been carried out, and simulation results are depicted in Fig.6 and Fig.7 . From the figures we can see that, stable interaction performance is achieved. When the interaction force increases, the impedance error w slightly increases and converges to a small neighbourhood around zero. Thus, satisfactory impedance tracking performance is ensured.
V. CONCLUSION
This paper develops a robot controller for a redundant manipulator to guarantee the desired task impedance of endeffector, and also to ensure a compliant behaviour of the robot joints by using the redundant degree of freedom. A task space impedance control scheme is proposed by using a transferred impedance error, such that the robot end-effector can be accurately governed to follow a target impedance model. In addition, a low priori controller is designed based on a null space projection, such that a compliant joint motion is guaranteed when external force is applied on the robot. Stability analysis based on the conditional stability has shown the stability of the overall system. Simulations based on a plane redundant robot have demonstrated the effectiveness of the proposed impedance control algorithm. 
